
March 7, 2019 14:6 MPLA S0217732319500512 page 1

Modern Physics Letters A
Vol. 34, Nos. 7 & 8 (2019) 1950051 (16 pages)
c© World Scientific Publishing Company
DOI: 10.1142/S0217732319500512

Gauss Bonnet gravity in D = 4 without Gauss Bonnet

coupling to matter: Cosmological implications

Eduardo Guendelman∗,‡, Emil Nissimov†,§ and Svetlana Pacheva†,¶

∗Department of Physics, Ben-Gurion University of the Negev,
P. O. Box 653, IL-84105 Beer-Sheva, Israel

†Institute for Nuclear Research and Nuclear Energy,
Bulgarian Academy of Sciences, Boul. Tsarigradsko Chausee 72,

BG-1784 Sofia, Bulgaria
‡guendel@bgu.ac.il

§nissimov@inrne.bas.bg
¶svetlana@inrne.bas.bg

Received 9 October 2018
Revised 29 November 2018
Accepted 11 December 2018
Published 28 February 2019

We propose a new model of D = 4 Gauss–Bonnet gravity. To avoid the usual property of
the integral over the standard D = 4 Gauss–Bonnet scalar becoming a total derivative
term, we employ the formalism of metric-independent non-Riemannian spacetime volume
elements which makes the D = 4 Gauss–Bonnet action term nontrivial without the
need to couple it to matter fields unlike the case of ordinary D = 4 Gauss–Bonnet
gravity models. The non-Riemannian volume element dynamically triggers the Gauss–
Bonnet scalar to be an arbitrary integration constant M on-shell, which in turn has
several interesting cosmological implications. (i) It yields specific solutions for the Hubble
parameter and the Friedmann scale factor as functions of time, which are completely
independent of the matter dynamics, i.e. there is no back reaction by matter on the
cosmological metric. (ii) For M > 0, it predicts a “coasting”-like evolution immediately
after the Big Bang, and it yields a late universe with dynamically produced dark energy
density given through M . (iii) For the special value M = 0, we obtain exactly a linear
“coasting” cosmology. (iv) For M < 0, we have in addition to the Big Bang also a
Big Crunch with “coasting”-like evolution around both. (v) It allows for an explicit
analytic solution of the pertinent Friedmann and φ scalar field equations of motion, while
dynamically fixing uniquely the functional dependence on φ of the scalar potential.
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generation of dark energy.
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1. Introduction

Extended gravity theories as alternatives/generalizations of the standard Einstein

General Relativity (for detailed accounts, see Refs. 1–4 and references therein)

enjoyed a very active development in the last decade or so, due to pressing moti-

vation from various areas: cosmology (problems of dark energy and dark matter),

quantum field theory in curved spacetime (renormalization in higher loops), string

theory (low-energy effective field theories).

When considering alternative/extended theories to General Relativity, one op-

tion is to employ alternative non-Riemannian spacetime volume-forms (metric-

independent generally covariant volume elements or integration measure densities)

in the pertinent Lagrangian actions instead of the canonical Riemannian one given

by the square-root of the determinant of the Riemannian metric.

To this end, let us briefly recall the essential features of the formalism of non-

Riemannian spacetime volume-forms, which are defined in terms of auxiliary an-

tisymmetric tensor gauge fields of maximal rank. This formalism is the basis for

constructing a series of extended gravity-matter models describing unified dark

energy and dark matter scenario,5 quintessential cosmological models with gravity-

assisted and inflaton-assisted dynamical generation or suppression of electroweak

spontaneous symmetry breaking and charge confinement,6–8 and a novel mechanism

for the supersymmetric Brout–Englert–Higgs effect in supergravity9 (see Refs. 9

and 10 for a consistent geometrical formulation of the non-Riemannian volume-

form approach, which is an extension of the originally proposed method11,12).

Volume-forms (generally-covariant integration measures) in integrals over man-

ifolds are given by nonsingular maximal rank differential forms ω:∫
M

ω(· · · ) =
∫
M

dxD Ω(· · · ), ω =
1

D!
ωμ1...μD dxμ1 ∧ · · · ∧ dxμD , (1)

ωμ1···μD = −εμ1···μDΩ, dxμ1 ∧ · · · ∧ dxμD = εμ1···μD dxD, (2)

(our conventions for the alternating symbols εμ1,...,μD and εμ1,...,μD are: ε01···D−1 =

1 and ε01···D−1 = −1). The volume element (integration measure density) Ω trans-

forms as scalar density under general coordinate reparametrizations.

In standard generally-covariant theories (with action S =
∫
dDx

√−gL) the

Riemannian spacetime volume-form is defined through the “D-bein” (frame-bundle)

canonical one-forms eA = eAμ dx
μ (A = 0, . . . , D − 1), related to the Riemannian

metric (gμν = eAμ e
B
ν ηAB, ηAB ≡ diag(−1, 1, . . . , 1)):

ω = e0 ∧ · · · ∧ eD−1 = det‖eAμ ‖dxμ1 ∧ · · · ∧ dxμD → Ω = det‖eAμ ‖dDx

=
√
−det‖gμν‖dDx. (3)

We will employ (Sec. 2) instead of
√−g another alternative non-Riemannian

volume element as in (1) and (2) given by a nonsingular exact D-form ω = dC,
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where

C =
1

(D − 1)!
Cμ1···μD−1 dx

μ1 ∧ · · · ∧ dxμD−1 , (4)

so that the non-Riemannian volume element reads

Ω ≡ Φ(C) =
1

(D − 1)!
εμ1···μD∂μ1Cμ2···μD . (5)

Here, Cμ1···μD−1 is an auxiliary rank (D − 1) antisymmetric tensor gauge field.

Φ(C) is in fact the density of the dual of the rank D field-strength Fμ1···μD =
1

(D−1)!∂[μ1
Cμ2···μD ] = −εμ1···μDΦ(C), which similarly transforms as scalar density

under general coordinate reparametrizations. Let us note that the non-Riemannian

volume element Φ(C) is dimensionless like the standard Riemannian one
√−g,

meaning that the auxiliary antisymmetric tensor gauge field Cμ1···μD−1 has dimen-

sion 1 in units of length.

Now, it is clear that if we replace the usual Riemannian volume element
√−g

with a non-Riemannian one Φ(C) in the Lagrangian action integral over the Gauss–

Bonnet scalar
∫
d4xΦ(C)R2

GB (Eqs. (6) and (7)), then the latter will cease to be

a total derivative in D = 4. Thus, we will avoid the necessity to couple R2
GB in

D = 4 directly to matter fields or to use nonlinear functions of R2
GB unlike the

usual D = 4 Gauss–Bonnet gravity — for reviews, see Refs. 13 and 14; for recent

discussions of Gauss–Bonnet cosmology, see Refs. 15 and 24 and references therein.

The main new feature, displayed in Sec. 2, of our non-standard D = 4 Gauss–

Bonnet gravity with a Gauss–Bonnet action term
∫
d4xΦ(C)R2

GB is due to the

equation of motion w.r.t. auxiliary tensor gauge field defining Φ(C) as in (5), namely

it dynamically triggers the Gauss–Bonnet scalar R2
GB to be on-shell an arbitrary

integration constant (Eq. (15) below). The latter property has, however, a con-

sequence — now the composite field χ = Φ(C)√−g
appears as an additional physical

field degree of freedom related to the geometry of spacetime and its role in the

cosmological setting is described below. Let us note that this is in sharp contrast

w.r.t. other extended gravity-matter models constructed in terms of (one or several)

non-Riemannian volume-forms,5–10 where we start within the first-order formalism

and where composite fields of the type of χ turn out to be (almost) pure gauge

(non-propagating) degrees of freedom.

The dynamically triggered constancy of R2
GB in turn has several interesting

implications for cosmology.

As we will show in Sec. 3, the cosmological dynamics in the new D = 4 Gauss–

Bonnet gravity provides automatically a “coasting” evolution of the early universe

near the Big Bang at t = tBB, where the Hubble parameter H(t) ∼ (t − tBB)
−1

and the Friedmann scale factor a(t) ∼ (t− tBB), i.e. space size a(t) and horizon size

H−1(t) expand at the same rate (no horizon problem); for a general discussion of

“coasting” cosmological evolution, see Refs. 25–28. Furthermore, for late times, we

obtain either a de Sitter universe with dynamically generated dark energy density

or a Big Crunch depending on the sign of the dynamically generated constant value

of R2
GB.
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An important observation here is that the cosmological solution for H(t) and

a(t) does not feel the details of the matter content and the matter dynamics,

i.e. there is no direct back reaction of matter on the cosmological metric. The

reason here is that the differential equation determining the solution H(t) (or a(t))

results from the equation for the Gauss–Bonnet scalar equalling arbitrary integra-

tion constant on-shell, which does not involve any matter terms. On the other hand,

matter terms are present in the pertinent Friedmann equations (Sec. 3) which now

reduce to a differential equation for the composite field χ = Φ(C)/
√−g. Therefore,

the solution for χ (Eq. (26)) completely absorbs the impact of the matter dynamics

while the overall solution for H(t) and a(t) is left unchanged. Furthermore, if we

“freeze” χ to be a constant (Sec. 4), then in the case of scalar field φ matter the

exact expression for the corresponding scalar potential V (φ) as function of φ is

fixed uniquely.

The above described main properties of the present version of D = 4 Gauss–

Bonnet gravity, namely, the dynamical constancy of the Gauss–Bonnet scalar de-

rived from a Lagrangian action principle and the appearance of an additional degree

of freedom χ absorbing the effect of the matter dynamics, are the most significant

differences w.r.t. the approach in several recent papers29–31 extensively studying

static spherically symmetric solutions in gravitational theories in the presence of

a constant Gauss–Bonnet scalar, where the constancy of the latter is imposed as

an additional condition on-shell beyond the standard equations of motion resulting

from an action principle.

In the last discussion section, we point out a limitation of the present non-

canonicalD = 4 Einstein–Gauss–Bonnet model, namely, that it predicts continuous

acceleration throughout the whole evolution of the universe, and we briefly describe

a generalization of our model allowing for both acceleration and deceleration.

2. Gauss Bonnet Gravity in D = 4 with a Non-Riemannian

Volume Element

We propose the following self-consistent action of D = 4 Gauss–Bonnet gravity

without the need to couple the Gauss–Bonnet scalar to some matter fields (for

simplicity we are using units with the Newton constant GN = 1/16π):

S =

∫
d4x

√−g[R+ Lmatter] +

∫
d4xΦ(C)R2

GB. (6)

Here, the notations used are as follows (we employ the usual second order

formalism).

• R2
GB denotes the Gauss–Bonnet scalar:

R2
GB ≡ R2 − 4RμνR

μν +RμνκλR
μνκλ. (7)

• Φ(C) denotes a non-Riemannian volume element defined as a scalar density of

the dual field-strength of an auxiliary antisymmetric tensor gaugefield of maximal
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rank Cμνλ:

Φ(C) =
1

3!
εμνκλ∂μCνκλ. (8)

Let us particularly stress that although we stay in D = 4 spacetime dimensions

and although we don’t couple the Gauss–Bonnet scalar (7) to the matter fields,

the last term in (6), thanks to the presence of the non-Riemannian volume ele-

ment (8), is nontrivial (not a total derivative as with the ordinary Riemannian

volume element
√−g)) and yields a nontrivial contribution to the Einstein equa-

tions (Eq. (11) below).

• As a matter Lagrangian, we will take for simplicity an ordinary scalar field one:

Lmatter = −1

2
gμν∂μφ∂νφ− V (φ). (9)

As discussed below, the explicit choice of Lmatter does not affect the cosmological

solutions for the Hubble parameter and the Friedmann scale factor. It only affects

the solution for the composite field χ defined in Eq. (10) (cf. Eq. (26)).

We now have three types of equations of motion resulting from the action (6):

• Einstein equations w.r.t. gμν where we employ the definition for a dimensionless

composite field:

χ ≡ Φ(C)√−g
(10)

representing the ratio of the non-Riemannian to the standard Riemannian volume

element:

Rμν − 1

2
gμνR =

1

2
Tμν − 1

2
gμνχR

2
GB + 2R∇μ∇νχ

+4�χ

(
Rμν − 1

2
gμνR

)
− 4Rρ

μ∇ρ∇νχ− 4Rρ
ν∇ρ∇μχ

+4gμνR
ρσ∇ρ∇σχ− 4gκρgλσRμκνλ∇ρ∇σχ, (11)

where Tμν = gμνLmatter−2 ∂
∂gμν Lmatter is the standard matter energy–momentum

tensor:

Tμν = ∂μφ∂νφ− gμν

(
1

2
gκλ∂κφ∂λφ+ V (φ)

)
. (12)

• The equations of motion w.r.t. scalar field φ have the standard form (they are

not affected by the presence of the Gauss–Bonnet term):

�φ+
∂V

∂φ
= 0. (13)

• The crucial new features are the equations of motion w.r.t. auxiliary non-

Riemannian volume element tensor gauge field Cμνλ:

0 =
δ

δCνκλ

∫
d4xΦ(C)R2

GB = − 1

3!
εμνκλ∂μR

2
GB, (14)
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that is,

∂μR
2
GB = 0 → R2

GB = 24M = const., (15)

where M is an arbitrary dimensionful integration constant and the numerical

factor 24 in (15) is chosen for later convenience.

The dynamically triggered constancy of the Gauss–Bonnet scalar (15) comes

at a price as we see from the generalized Einstein equation (11), namely, now the

composite field χ = Φ(C)√−g
appears as an additional physical field degree of freedom.

In what follows, we will see (Sec. 4) that when considering cosmological solutions

we can consistently “freeze” the composite field χ = const. so that all terms on the

R.H.S. of (11) with derivatives of the composite field χ will vanish. The freezing of

χ together with (15) has two main effects.

(a) It produces on R.H.S. of (11) a dynamically generated cosmological constant

Λ0-term:

−gμνχR
2
GB = −gμν2Λ0, Λ0 ≡ 12χM. (16)

(b) Within the class of cosmological solutions, as shown in Sec. 4, the “freezing”

of χ produces an explicit analytic solution of the extended Friedmann equations

and of the φ scalar field equations of motion with simultaneous dynamical fixing

uniquely of the functional dependence on φ of the scalar potential V (φ). In partic-

ular it yields the exact value of the vacuum energy density in the “late” universe —

the dark energy density (Eq. (55)) — in terms of the dynamically generated con-

stant value of the Gauss–Bonnet scalar (15).

3. Cosmological Solutions with a Dynamically Constant

Gauss Bonnet Scalar

Now, we perform a Friedmann–Lemâıtre–Robertson-Walker (FLRW) reduction of

the original action (6) with FLRW metric:

ds2 = gμν dx
μ dxν = −N2(t)dt2 + a2(t)dx2, (17)

where

Φ(C) = Ċ, R2
GB =

8

Na3
d

dt

(
ȧ3

N3

)
, (18)

the “overdot” denoting d
dt . The corresponding FLRW action reads

SFLRW =

∫
dt

{
−6

ȧ2

N
+Na3

[
φ̇2

2N2
− V (φ)

]
+

8Ċ

Na3
d

dt

(
ȧ3

N3

)}
. (19)

Accordingly, the equations of motion of (19) — FLRW counterparts of

Eqs. (15), (11), (13) — acquire the form (as usual, after variation w.r.t. lapse

function N(t) we set the gauge N(t) = 1).

1950051-6
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• The FLRW counterpart of (15) (the constancy of Gauss–Bonnet scalar) becomes

ȧ2

a2
ä

a
= M → Ḣ = −H2 +

M

H2
, (20)

where H = ȧ
a denotes the Hubble parameter. It is important to stress that the

FLRW spacetime geometry, i.e. a = a(t) is completely determined by the solution

of Eq. (20) (see Eqs. (28) and (29) below) and it does not feel any back reaction

by the matter fields.

• The FLRW counterparts of the generalized Einstein equation (11), i.e. the Fried-

mann equations become upon using Eq. (20):

6H2 − (ρ+ 24Mχ) + 24χ̇H3 = 0, (21)

6H2 + 3(p− 24Mχ) +
12M

H2
+ 24

(
χ̈H2 − 2χ̇

M

H

)
= 0, (22)

where now χ ≡ Ċ
a3 and the energy density ρ and pressure p have the usual form:

ρ =
1

2
φ̇2 + V (φ), p =

1

2
φ̇2 − V (φ). (23)

• The FLRW φ-equation and the corresponding energy-conservation equation have

the ordinary form:

φ̈+ 3Hφ̇+
∂V

∂φ
= 0, 3H(ρ+ p) + ρ̇ = 0. (24)

Thus, while H(t) (and a(t)) do not feel back reaction from the matter fields, they

in turn significantly impact the matter fields’ dynamics.

Compatibility between the two Friedmann equations (21) and (22) can be ex-

plicitly checked to follow from the second equation (24).

The first Friedmann equation (21) can be represented as a differential equation

for χ(t):

χ̇ =
M

H3
χ+

ρ

24H3
− 1

4H
, (25)

whose solution is given through the solutions for H(t) from (20) and matter energy

density ρ (23) from (24):

χ(t) = e
∫
dt′ M

H3

{∫
dt′′
[(

ρ

24H3
− 1

4H

)
e−

∫
dt′ M

H3

]
+ const.

}
. (26)

Equation (26) shows that it is χ which absorbs the backreaction of matter unlike

the Friedmann scale factor a(t) or Hubble parameter H(t), since Eq. (20) does not

involve matter. In fact, we could take in the Friedmann equations (21), i.e. (25),

and (22) any kind of matter which obeys the covariant energy conservation (second

Eq. (24)).

Now, we observe that due to second equation (20) — the dynamical con-

stancy of the Gauss–Bonnet scalar — there is permanent acceleration/deceleration

1950051-7
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Fig. 1. H(t), implicitly defined in Eq. (29), as function of (t − tBB).

throughout the whole evolution of the universe:

ä

a
= Ḣ +H2 =

M

H2
, (27)

depending on the sign of M . We will first assume the integration constant M > 0,

i.e. permanent acceleration. The other cases (M = 0 — permanent “coasting”,

and M < 0 — permanent deceleration) will be briefly discussed in the following

subsections.

3.1. Friedmann scale factor solution for M > 0

We can solve explicitly the second equation (20) — simple differential equation for

H = H(t): ∫
dH

M
H2 −H2

= t− t0, (28)

where t0 is an integration constant, (28) yielding

4M1/4(t− tBB) = log

(
H(t) +M1/4

H(t)−M1/4

)
+ π − 2 arctan

(
H(t)

M1/4

)
, (29)

with

tBB ≡ t0 − π

4M1/4
. (30)

The solution H(t) implicitly defined in 29 is graphically depicted in Fig. 1.

First, we notice from Eq. (29) that

H(t) → ∞ for t− tBB → 0, (31)
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in other words, there is a Big Bang at t = tBB (30). Expanding the R.H.S. of

Eq. (29) for small (t− tBB), equivalent to expanding for small M , yields:

t− tBB =
1

H
+

M

5H5
+O(M2) → H(t) =

1

t− tBB
+

M

5
(t− tBB)

3 +O(M2). (32)

The last relation in (32) implies a “coasting”25 behavior of the universe for evolution

times near the Big Bang. For the Friedmann scale factor itself, we get from (32)

a(t)/a0 = (t− tBB) exp

{
M

20
(t− tBB)

4 +O(M2)

}
, (33)

i.e. a(t)/a0 
 t− tBB for small (t− tBB),

in other words, close to the Big Bang the horizon H−1(t) and space a(t) evolve in

the same way.

On the other hand, for large t (“late” universe):

H(t) 
 M1/4,
ä

a



√
M =

1

3
ΛDE, (34)

i.e. the universe evolves with a constant acceleration where 2ΛDE ≡ 6
√
M is the

dark energy density.

3.2. Friedmann scale factor solution for M = 0

Let us consider the special case M = 0, i.e. according to (15), R2
GB dynamically

vanishes. From Eq. (20), we have

Ḣ = −H2 → H(t) =
1

t− t0
→ a(t)/a0 = t− t0, (35)

which represents “coasting” universe’ evolution (linear expansion of the Friedmann

scale factor) for all the time after the Big Bang at t = t0.

Let us note that dynamical vanishing of D = 4 Gauss–Bonnet scalar has been

previously obtained in Ref. 33, however, within a different and physically non-

equivalent formalism — first-order (frame-bundle) formalism with a nonvanishing

torsion.

3.3. Friedmann scale factor solution for M < 0

Now, we consider the caseM < 0 (we will use the symbol M̄ ≡ −M for convenience,

i.e. according to (15) R2
GB = −24M̄ < 0). Setting in the integral (28) M = −M̄ we

obtain the implicit solution for H = H̄(t):

4
√
2M̄1/4(t− t0) = log

(
H̄2(t) + M̄1/2 +

√
2M̄1/4H̄(t)

H̄2(t) + M̄1/2 −√
2M̄1/4H̄(t)

)

− 2 arctan

(√
2H̄(t)

M̄1/4
− 1

)
− 2 arctan

(√
2H̄(t)

M̄1/4
+ 1

)
, (36)
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where the integration constant t0 is defined by H̄(t = t0) = 0. From (36), we find

both a Big Bang

H̄(t) → +∞ for t = tBB ≡ t0 − π

2
√
2M̄1/4

(37)

and a Big Crunch at finite cosmological times:

H̄(t) → −∞ for t = tBC ≡ t0 +
π

2
√
2M̄1/4

. (38)

Similar to the case M > 0 (32) and (33), we obtain a “coasting” behavior near the

Big Bang ((t− tBB) small):

H̄(t) =
1

(t− tBB)
− M̄

5
(t− tBB)

3 +O(M̄2), (39)

a(t)/a0 = (t− tBB) exp

{
−M̄

20
(t− tBB)

4O(M̄2)

}
. (40)

Near the Big Crunch ((tBC − t) small) there is also a “coasting” behavior:

H̄(t) = − 1

(tBC − t)
+

M̄

5
(tBC − t)3 +O(M̄2), (41)

a(t)/a0 = (tBC − t) exp

{
−M̄

20
(tBC − t)4 +O(M̄2)

}
. (42)

Here, once again, we observe that both near the Big Bang and near the Big Crunch

the horizon and space sizes evolve in the same way.

4. Special Cosmological Solution of the Full Gauss–Bonnet

Gravity with a Dynamically Constant Gauss Bonnet Scalar

We will now study in some detail special particular solutions of the extended

Einstein equation (11) (taking into account (15)) with a frozen composite field

χ (10) (χ = const)

Rμν − 1

2
gμνR =

1

2
Tμν − 12gμνχM, R2

GB = 24M. (43)

Let us stress that we take the composite field χ ≡ Φ(C)√−g
to be “frozen” to a constant

as an additional condition after we derive the full system of equations of motion,

including (11) and (14), from the original non-Riemannian volume-form action (6).

As we will see below, consistency of the system (43) will require the pertinent

matter Lagrangian to be of a very specific form depending on the sign of the inte-

gration constant M .

We start by looking for cosmological solutions with χ = const. of the Eqs. (21)

and (22) — the FLRW reduction of (43). Inserting χ = const. there, we obtain

6H2 − (ρ+ 24Mχ) = 0, 6H2 + 3(p− 24Mχ) +
12M

H2
= 0 (44)
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from which we deduce the equation of state

ρ̃+ 3p̃+
72M

ρ̃
= 0, (45)

ρ̃ ≡ ρ+ 24Mχ, p̃ ≡ p− 24Mχ, (46)

where ρ̃ and p̃ are the shifted energy density and pressure incorporating the dy-

namically Gauss–Bonnet induced cosmological constant Λ0 = 12χM (16).

From the Friedmann equations (21) and (22), we find

φ̇2 = ρ+ p = 4

(
H2 − M

H2

)
, (47)

V (φ) =
1

2
(ρ− p) = 4H2 + 2

M

H2
− 24Mχ, (48)

Ṽ (φ) ≡ V (φ) + 24Mχ = 4H2 + 2
M

H2
, (49)

where Ṽ (φ) is the shifted scalar potential incorporating the dynamically Gauss–

Bonnet-induced cosmological constant 12Mχ (16).

4.1. Case M > 0

Combining φ-equations of motion (24) and the equation of state (45) yields a dif-

ferential equation for ρ̃ as function of the Friedmann scale factor a:

dρ̃

da
= −2

a

(
ρ̃− 36M

ρ̃

)
→ ρ̃(a) =

√
36M + c0a−4, (50)

where c0 is an integration constant. In accordance with the solution for the

Friedmann scale factor in Sec. 3.1, we obtain from (50)

• ρ̃(a) 
 √
c0a

−2 close to the Big Bang where a → 0: the “coasting” behavior;

• ρ̃(a) 
 6
√
M in the late universe, where a → ∞ exponentially: 6

√
M is the dark

energy density conforming to the late universe value of H (34).

Relation (47) yields solution for φ(t) as function of t through H(t) as defined

implicitly in (29):

φ = 2

∫
dH√

H2 − M
H2

→ φ(t) = log

(√
H4(t)

M
− 1 +

H2(t)

M1/2

)
(51)

or, inversely, H(t) as function of φ(t):

H2 =
√
M cosh(φ). (52)

The solution φ(t) (51) is graphically depicted in Fig. 2.

From (48) and (52), we find that the functional dependence of the scalar poten-

tial V (φ) or the shifted one Ṽ (φ) (49) is uniquely fixed by the dynamics:

Ṽ (φ) = 4
√
M cosh(φ) +

2
√
M

cosh(φ)
. (53)
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Fig. 2. φ(t), defined in (51), as function of (t− tBB).

From Eq. (51) for small (t − tBB) near the Big Bang (i.e. large H according

to (32)), we have

φ(t) 
 2 logH(t) 
 −2 log(t− tBB). (54)

On the other hand, in the “late” universe φ(t) (51) converges to zero — the min-

imum of the scalar potential (53), i.e. which yields precisely the value of the dark

energy density

Ṽ (φ = 0) = 6
√
M. (55)

4.2. Case M = 0

For the purely “coasting” cosmology (Sec. 3.2) from Eq. (51) (the integral on the

first line) and from Eq. (48), we obtain when M = 0:

φ = 2 logH = −2 log(t− t0), V (φ) = 4eφ. (56)

The equation of state (45) for M = 0 becomes

ρ+ 3p = 0, (57)

which is the same as, for instance, for the string gas.32

4.3. Case M < 0

Now, for the Big Bang–Big Crunch cosmological solution (Sec. 3.3), setting in the

integral (51) M = −M̄ < 0, we obtain the solution for φ(t) as function of H̄(t) (36):

φ(t) = log

(√
H̄4(t)

M̄
+ 1 +

H̄2(t)

M̄1/2

)
(58)
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or, inversely, H̄(t) as function of φ(t):

H̄2 =
√
M̄ sinh(φ). (59)

Accordingly, the functional dependence of the (shifted) scalar potential for M =

−M̄ < 0 is uniquely determined as

Ṽ (φ) = 4
√
M̄ sinh(φ) +

2
√
M̄

sinh(φ)
. (60)

5. Discussion and Outlook

In this paper, we have made an essential use of the formalism of non-Riemannian

spacetime volume-forms (alternative metric-independent volume elements, i.e.

generally-covariant integration measure densities) defined in terms of auxiliary max-

imal rank tensor gauge fields in order to construct a new type of Einstein–Gauss–

Bonnet gravity in D = 4 avoiding the need to couple the Gauss–Bonnet scalar

to any matter fields. The presence of the non-Riemannian volume element in the

D = 4 Gauss–Bonnet action terms makes the theory nontrivial and welldefined.

The principal new feature is that on-shell the Gauss–Bonnet scalar becomes an ar-

bitrary integration constant. In the cosmological setting, the dynamical constancy

of the Gauss–Bonnet scalar by itself completely determines the solutions for the

Hubble parameter H(t) and the Friedmann scale factor a(t) as functions of the

cosmological time without any influence of the matter dynamics (no back reaction

of matter on the cosmological metric).

The whole effect of matter on the spacetime is absorbed by the time-dependence

of the composite field χ (10) (the ratio of the non-Riemannian volume element Φ(C)

to the standard Riemannian
√−g). If we choose to “freeze” χ = const, then in the

case of scalar field matter, the scalar potential V (φ) is uniquely constrained to be

of a very specific form as a function of φ.

The solutions for H(t) and a(t) between “coasting” early Big Bang cosmology,

where the evolution of a(t) coincides with the evolution of the horizon (H−1(t)),

and a late time de Sitter universe (M > 0) or a Big Crunch (M < 0) at a finite

cosmological time, depend on the sign of the dynamically generated constant value

M of the Gauss–Bonnet scalar. The case M > 0 is more realistic, but still too

simplified to be realistic enough to describe the whole evolution of the observed

universe since it predicts continuous acceleration during the whole evolution.

Thus, our D = 4 Einstein–Gauss–Bonnet model could be considered as an ap-

proximation to be used in the future as a basis for a more realistic cosmological

models. For example, a model like ours could be an interesting candidate for the

high-energy limit of a realistic model. This is because of the property of the com-

posite field χ = Φ(C)/
√−g to absorb the effects of a nontrivial matter behavior

and to prevent a matter back reaction on the spacetime metrics. Such an effect

could be exactly what is needed to cure the issues noticed in Ref. 34, where it has

been shown that quantum fluctuations in the energy–momentum tensor of matter
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can cause serious phenomenological problems. The latter could however be avoided

provided at high energies exists a field like χ that compensates the effects of the

matter fluctuations.

Still, we can slightly generalize our D = 4 Einstein–Gauss–Bonnet model (6)

to yield more realistic cosmological solutions, namely, to provide continuous accel-

eration during the early universe epoch after the Big Bang as well as during the

late universe (dark energy) epoch, while providing deceleration for an intermediate

epoch.

To this end, we can consider the more general (than (6)) action:

S =

∫
d4x

√−g

[
R− 1

2
gμν∂μφ∂νφ− V (φ)

]
+

∫
d4xΦ(C)(R2

GB − 24W (φ)), (61)

with an additional appropriately chosen scalar potential term W (φ) (the factor 24

is introduced for numerical convenience).

Now, instead of (15), the equations of motion w.r.t. auxiliary tensor gauge field

Cμνλ defining the non-Riemannian volume element Φ(C) yield

∂μ(R
2
GB − 24W (φ)) = 0 → R2

GB = 24(M +W (φ)) = const., (62)

where again M is an arbitrary integration constant and will be absorbed into W (φ),

henceforth W (φ) +M ≡ W̃ (φ).

In the cosmological FLRW reduction, Eq. (62) yields instead of (20):

Ḣ = −H2 +
W̃ (φ)

H2
,

ä

a
=

W̃ (φ)

H2
, (63)

so that now we can have both acceleration or deceleration.

Indeed, now, upon setting as above the composite field χ = const., the Fried-

man equations and the equation of state, as well as the equations for φ̇2 and the

initial scalar potential V (φ) retain the same form as in (44)–(46) and (47)–(49),

respectively, by replacing there M → W̃ (φ), in particular:

φ̇ = −2

√
H2 − W̃ (φ)

H2
, (or, equivalently)

dH

dφ
=

1

2

√
H2 − W̃ (φ)

H2
, (64)

V (φ) + 24χW̃ (φ) = 4H2 + 2
W̃ (φ)

H2
. (65)

The explicit functional dependence of V (φ) on φ is uniquely fixed by Eq. (65) in

terms of the given W̃ (φ) (Fig. 3) upon substituting there the solution H = H(φ)

of the second equation (64).

Let us now choose W̃ (φ) of the form qualitatively depicted on Fig. 3.
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Fig. 3. Qualitative shape of ˜W (φ).

Since W̃ (φ) quickly approaches its asymptotic value W̃ (∞) > 0 for large φ,

Eqs. (63) and (64) will have approximate solutions as in (29), (51) where M is

replaced by W̃ (∞), i.e. again, we will have Big Bang at tBB 
 t0 − π

4(W̃ (∞))1/4
. On

the other hand, for late times from (63)–(65) we obtain

H(t → ∞) 
 (W̃ (0))1/4, φ(t → ∞) 
 0, (66)

V (0) + 24χW̃ (0) = 6

√
W̃ (0) = dark energy density. (67)

In a subsequent study, we will explore more systematically the more realistic

Einstein–Gauss–Bonnet model (61) which should involve numerical treatment of

the nonlinear system of equations (63) and (64).
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